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Cognitive Structure and Performanca 
in Mathematics 

Abstract 

A aalection of 14 teats of five cognitive factora v^m^m 
edmlnistered to 95 senior high school geometry students* 
These cogriitiVB factors wwe then related to six riieaaiires 
of perfdrmanee in mathainatics and subjected to corrslation 
analysia and stepwise regress ion* The findings indicatsd 
that the seladted cognitive faators correlated with all 
measures of mathernatiGal performance and added a atatiatically 
significant amount to intelligence in predicting performance 
in mathematics* Further atudy into a factor-analytic model 
of matJieniatical ability ^as called for* 



Cognitive Stf-uctur^ and Pereo^manc© 
in M^thamatica 

In the study of matheinatiGal ability p^sfamm^B in 
mathematics^ it is ri&tut^l to irKjui^a i,nto th^ nature <dC 
thinking itaalf. Do cogiiition, generpl^ and mathOTatical 
reasoning^ in partidulat, hava & form or smicture? Kiirt 
Lewin (1936) posited a general structure ot the p0/oho3,Qgiffil 
environment which drew heavily on topoLogtc^l eoritfeipts. 
However, it was Guiifota (1947^ 1956) wh^ began a systematic 
investigation into th^ atructure oj cognitlQA* fl^^^ming a 
factorially complex struetare ot thinking ^biliti©^^ Gutlfoj^^a 
procaedad to develop ^nd t^&t a model fot % atra<jtu*^^d inteiaect. 
He found that intellectual faetoM aould dAvide<l Xnta tvc 
major eategories — thinking faototfi ana memcfy £&eto*a. The 
group of thinking f actors he further flivid^ irito ^CiQtiitioii , 
or discovery f jLCtota, pr^ductloii faator^^ afld evalti^tion 
factors • Cognition Sactprs involve b^ccmi^g a\^at^ of aoftatxucts. 
Production factors stress aoftip^^henaing ^ axtusLti m and 
producing some end ra^ult, Th%se are b^liev^ed to indicate 
convergent and divergent thinking* Evaluation tk^tQf0 Indiciate 
the "goo<iiess, suitability, effectiveness of tha fesulta of 
thinking ^uilford, 1956^ p. ^S^^'- that is, th^ validity c£ 
the reasoning process* Thi& study a^ayr^ad ffuilfo^d'^ model 
of the structured intellect and u#©a sevaral of hie factors 
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to investigate oot^alates of msthematical iibility. 

In past studies o£ cognitive structure^ rasaarchers 
have investigated b^th the internal structxire of cognition , 
(Adkins & Lyerly, 1052- BotEiim, 1951 • Guilford, 1956; 
PembeJeton^ 1952; Sc^tt, 19S6) and the relationship of cognitive 
structtire to other ^eaaTares of intallectual functioning 
(CoDiTLba^ 1969; Ouil^Drd, 1954; Jones, 1954; Ostrow, 1964^ 
Thuritone, 19S1)* V^ntioy (1965) noted that cognitive structure 
was probably not garteraliseable across cognitive domaina. 
Ostro^ {1964 ) stated that most abilities are factorially 
eompleK and called £ox an iwestigation into the non-verbal 
aapecta of reasonitig, 

Although re^a^^ch relating cognitive structure to 
performance In m^itheinatics is becoming more popular: (Behr^ 1970* 
Behr & Baatroan^ 1975; Eastniari & Carry, 1975 • Hancock^ 1975| 
Webb S Carry ^ 1975)^ moat o£ this resear^.h has oonoentrated on 
the ralatlonsh:.p of ^ small nuE^ar of cognitive meaauraa to 
diffarential e^^erliawtal treatment* Gonnly (1971) praaented 
a coxnprehansive review of the literature and concluded that 
cognitive structut^ hap baen found to be related to 
mathematical perfowiance only if the measurea of performance 
are c^ompoaad of logically cpmpleK problains. This conclusion^ 
however^ seems to QOfltradict 'what one believes intuitively 
concerning the relationship of cognitive structure to 
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inathematical reasoning. Shuert (1970), on the other hand, 
concludad that certain elements of cognitive structure 
predispose one to do weai in mathamatica, but the elements 
are so many and diverse that no clear picture can be drawn 
froin the concluaions* 

The purpose of this study was to investigate the 
relationship of five cognitive factors selected for thair 
possible usefulness in explaining matheniatical ability with 
si5c measures of perforinanbe in mathematics^ It was 
hypothesized that each measure of cognitive atructura would 
be positively correlated with each measure of mathamatical 
performance, and that measures of cognitive atructure would 
add significantly to intelligence in predicting performance 
in mathematics. 

Method 

The aubjecta were 95 geometry studanta, 58 rnales and 
37 femalaa^ in five classes in a suburban high school. Thm 
five classes were taught by three different teachBra who 
volunteerad class time for the rather extensive testing on 
cognitive factors. Although not all data were available for 
all 95 students^ no subject was dropped from the final data 
analysis* The mean age of the subjects was 16,09 years and 
the mean IQ was 117»S. Ml classes had been grouped by 
ability and were assigned to one of three levels of 

^ R 

ERIC ^ 
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instruct ion* Each of the thraa ability levels vjas represented 
with three classes of mlfldle ability end one each of high and 
low ability^ Data on performance in mathematics were obtained 
from school records as was the Otis Quick-Scoring Mental Ability 
Test IQ for oach indiv^idual* Data on cognitive factors were 
obtained frc^in 14 writtan teats adrniniatered by the eKperinienter 
and the classroom teachers over a period of several weeks. 
Testa were a<toinistered whenever the Individual teacher had time 
in the course of inatruction^ and no attempt was made to 
standarfliajs the order of adrniniatration across teachers* 
Cognitive Factors 

Five cognitive f actors from a total of 24 orthogonal factors 
listed in the Manual for Kit of Reference Tests for Cognitive 
Factors (Praneh, Ekstro©^ & Price, 1953) were selected on the 
basis of th^ir face validity in predicting performancs in 
mathematioa * it was believed that the tasks required reaaoning 
aimilar to that whioh would produce success in mathematics. The 
five f actors aeleeted are described below. 

1, Ple^ibillty of closure (Cf), ''The ability to keep one 
or more defdciite configurations in mind so as to make 
Identification in spite of perceptual diatractions [p. ^ ^ 

2, Speed of closure (Ca). "The ability to unify an 
apparently disparate perceptual field into a single percept 
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3. Induction (I)* '^Associated abilities involved in the 



4* Syllogistic reasoning (Ra)* "Ability to reason from 
atated premises to their neceaaary conclusions fp* 37]**' 



5, Visualization (Vz) ^ "The ability to manipulate or 
transform the image of spatial patterns into other visual 
arrangements j p, 47]*" 



Each of the factors ^^as measured using tests from the 
Kit of Reference, Testae three tests were used to measure each 
of Cf^ 1, Rs^ and Vz, while two tests were used to measure Cs* 
Split half reliabilities o£ the foutteen tests ranged from .40 
to .89 with a mean of *65. The ranges of all 14 tests were 
sufficient to allow for variability of the measured factors to 
appear* 

Performance in Math ematics 

Performance in mathematics was measured by six different 
variables — algebra final gtade, geometry final grade. School 
and College Ability Teats (SCAT) quantitative score, 
Preliininary Scholastic Aptitude Test CPSAT) quantitative score, 
Schdlastic Aptitude Teat (SAT) quantitative score (two 
administrations). Course grades were reported as letter grades 
and were assigned numerical equivalenta of 4, 3, 2, 1, and 0 
foi A, B, C, and P, respectively. Since the students were 



finding of general concepta that will fit sets of data, the 
forming and trying of hypotheses fp. igl*" 
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homoganaoua with respect to course, geometry, rather than year 
in BCtxoot^ the standardlaea seoraa were not the result of a 
single aaminiatration of the teats* 

The hypotheses of the study were tested using correlation 
analysis and atepmse regreasionp 

Resul ts 

Descriptive statistics for the tests of cognitive factors 
appear in Table 1. These statistics indicate the appropriatenesa 
of the tests for the subjects in this sample, That is, the 
tests were neither too easy----indicated by a high mean and small 
atanaard deviation—nor too difficult— indicated by a low mean 
and small standard deviation* The scores of the subjects were 
dlatributed throughout the range so that discriinination of 
subjects with respect to" each variable was possible. 



Insert Table 1 about here 

The descriptive statistics for the measures of perforinance 
in mathematics appear in Table 2. The mean acores on all 
standardized measures of mathematical ability were above the 
national norins, thus indiaattng that the sample was not 
typical c£ the national population in measured ability* The 
mean Otis iq was 117,48 with a standard deviation of 10,28* 
The range of IQ's was from 96 to 143* 
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Insert Table 2 abouw here 

It was hypothesized that the teats of the five cognitive 
factors would be positively correlated with all six measures 
of performance in mathematics , Of the 84 correlation 
coefficients presented in Table 3^ 81 were significant 
(p < .05), 



Insert Table 3 about here 

It was also hypothesized that the testa of the five 
cognitive factors would add significantly to intelligence in 
predicting performance in mathematics. Table 4 presents the 
results of tha atepwiae regressions performed on intelligence 
and the 14 tests of the five cognitive factors to predict each 
of the six measures of performance in mathematics, in four of 
the six cases IQ was most highly correlated with the measures 
of mathematical performance and therefore entered the stepwise 
regression first. However, individual testa of induction 
correlated more highly with algebra final grade and than 
did IQ and in these stepwise regressions entered before IQ. 
In each of th^ atepwlae regressions , from 11 to 14 of the 
tests of eogtiltlva factors continued to add a statistically 
significant amount to the variance common to mathematical 
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parformance, Intelligence^ and the previoualy entered tests 
of cognitiva (actors^ Thus, these tests added to the 
predictability of performance in mathematics. 



Insert Table 4 about here 

Table 5 presents a summary of the correlations and 
common variancea of the measurea o£ mathematical performance. 
Intelligence, and testa of cognitive factors * The increase in 
common variance as a result of Inclusion of the teats of 
cognitive factors ranges from 16% in the case of to 35% 

in the case of 



Insert Table 5 about here 
Discussion 

The fruitfulneas of the five factors^ — ^f lescibillty of 
closure (Cf), speed of closure (Cs), induction (1), syllogistic 
reasoning (Rs), and visualisation (Vz)— as indicators of the 
type of reasoning necessary in mathematics .is evident froin 
the fact that they correlated well with all measures of 
performance in mathematics* Although the testa of induction 
and syllogistic reasoning are consistently among the best 
predictors of each of the mathematical ability variables^ 
all of the cognitive factors can be used to explain mathematical 
performance. 

ii 
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Both flexibility of closure and speed of closure have 
highly visual components. That each of the tests of these 
variables was coirelatea highly with geomatry' grades, 
relative to other meajures of mathematical ability, seeras 
consistent with the fact that success in geoinetry Is largely 
depeiiaent upon the ability to deal with atatlc visual 
information, viaualization, a factor which Is tested using 
items which reqiaire inaglned geometric moveinent, also 
showed this relationship, anduction and syllogistic reasoning 
are esqDlicitly indicative of inductive and deductive reasoning. 
Their relationship to inathettiatical reasoning and thereby to 
perforinance in mathematics is apparent. 

In all of the stepvise regressions the tests of cognitive 
factors added a significant amount of coniinon variance to the 
correlation of intelligence with performance in mathematics. 
The results of this study therefore indicate that the five 
cognitive .factors are related to niathematlcal perfonnance 
and that this relationship is not entirely attributable to 
intelligence. 

m coherent picture or structural diagram of the tests 
of cognitive factors was attempted. Continued research should 
further our understanding of the factor structure of mathematical 
ability. Those factors choseii represent only five of the 24 
cognitive factors listedt by French, Ekstroiti, and Price (1963). 



IX 

factors an5 ctJe^ factots as v^ell ahculd bm inures tiga tea, 
be the daveloprfl'eii't off a mialti-iactot xnode3. cif the abilitl^a 
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Table 1 

DKCKCmVS STATISTICS FOR THE TESTS OF COGmWm PAOTORS 



Test. oC 
Cognitive 






Statistlo 




Psotor 


Msan 


SD 


! 











R9 

OA 


47,00 






156 •oy 


Its ilC 


oi 


"SOB 

295 










Of. 


OA, 


3 


Cs-1 


15.60 


3,80 


82 


20 


3 


Cs-2 


19.53 




82 


31 


9 




19.95 




91 


27.75 


4.75 


1-2 


9.47 




86 


25.75 


-3.25 


1-3 


89.3S 




84 




-6,50 


Rs*l 


7.19 


?.36 


89 


30 


-10 


Rs-2 


30,71 


6.11 


68 ' 


40,00 


12,00 


Rs-3 


mm 


1^,00 


B) 


19.00 


2.75 


Vz-X 


100,9^ 


43.26 


89 


196 


19 


V2-2 






85 


20,00 


0.75 


V5-3 


^0fff 


13.55 




58,86 


2.23 



IS 

D^CRim^ STATISTXCS FOR THE ffflAS^ilSS Of UfmmiCAL mVCSt 



Hathenat.ieal ' 




Ability 


Moan 


SD j N 







Jj.gebra p-ad© 


2.30 


1.0? 


m 


k 


1 


Geomttry grad© 


z.m 


.93 


91 


k ' 


1 


SCAT 


6^,31 


25.7^ 


m 


99 


1 


PSAT 




10,89 


7^ 


75 


28 


SAT-1 




113.16 


81 


?80 


302 


aAT-2 


558.25 




73 


800 
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Table 3 
VtfK MAIHEMATICAi ASIUTy 



^thenatleal Ability 





Algobra 




SCAT 


PSAT , 


SAT-1 


SAT-2 




grade 


irede 












Cf-1 


.31* 


,36* 


.34* 


.42* 


.40* 


.40* 




(81) 


(61) 


(76) 


(67) 


(72) 


(63) 


Cf-2 


.29* 


,i+L* 


.25* 


.22* 


.32* 


.25* ' 




(80) 


{79) 


(75) 


(65) 


(70) 


(63) ■ 


Cf-3 


.31* 




,28* 


,36* 


.40* 


.42* 




(80) 


{BO) 


(77) 


(76) 


(72) 


(64) 


Ca-1 


.11 


,25* 


.22* 


,24* 


.26* 


.23* 




(80) 


(SO) 


(76) 


(67) 


(71) 


(64) 


ts-Z 


,28* 




.12 


.23* 


.28* 


.28* 




(80) 


(SO) 


(76) 


(66) 


(71) 


(64) 


I-l 


.33* 


,26* ■ 




.35* 


.35* 


,31* 




(90) 


(87) 


(84) 


(71) 


(77) 


(70) 


1-2 


, .43* • 


.53* 


.51* 


.67* 


.65* 


.62* 
(64) 


(85) 


(S3) 


(SO) 


(67) 


(72) 




.40* 


Mr* 


.56* 


,64* 


.61* 


.61* 


(S3) 


(82) 


(77) 


(65) 


(72) 


(65) 


Rs-a 


.23* 


.33* 


.29* 


.41* 


.44* 


-.43* 




(87) 


(S5) 


(83) 


(69) 


(75) 


(68) 


Rs-a 


.32* 


.31* 


.53* 


.37* 


.42* 


.33* 




(67) 


(67) 


(63) 


(56) 


(59) 


(53) 


Rs-3 


.35* 


.53* 


.50* 


.61* 


.59* 


.49* 




^ (87) 


(05) 


(83) 


(69) 


(75) 


(68) 



Hot*. - Nwnbers in parffltfeesos Indicate N for respeotive correlations, 
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* Table 3^ continued 







] 


Mathematioal Ability 




Variabl© 
















Algebra 


Oeoinet^ 


SCAT 


PSAT 


SAT-1 


3AT-2 




grade 














Vz-1 


.38* 


.50* 


.50* 


.61* 


.58* 


.57* 




m) 


(8^) 


(82) 


(69) 


(76) 


^ (69) 


Yz-Z ! 


.18* 


.39* 


.51* 


.57* 




,61* 




' (S3) 


(82) 


(80) 


(67) 


(72) 


(65) 


Va-3 


.17 


,29* 


,27* 


.42* 


.37* 


.ij-3* 




(73) 


(73) 


(68) 


(59) 


im 


(59) 


IQ 




.57* 


.65* 


.75* 


.76* 


.70* 




(92) 


(90) 


(88) 


(7^) 


(81) 


(73) 



Notes - ffuiflbers In parentheses Indicate M for reipeetiv© correlations. 
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Table 4 

SW.-nSE REORESSIOH OF IHTSLIIGENCE AND 
COGNITIVE FACTORS ON KATHEIATICAL ABILITY 



Independefit 


Mathematiaal Ability 


Varlabla 










^fultlpla R 


R iquared 


Inoraaae in 








R squared 



Algebra Grade 



1-2 


.5426 


.2945 


.2945 


1-1 


.6017 


,3620 


.0575 




.6190 


.3832 


.0232 


Eb-3 


.6389 


,^*082 


,0250 


Ve-2 


.6604 


,4361 


.0279 


Hs-1 


.6659 


,4434 


.0073 


Vs-3 


.6695 


,4482 


,0048 


Cf-2 


,6720 


.4^6 


.0033 


Cs-l 


.67if4 


,4548 


,0032 


Vz-1 


.6760 


.4570 


.0022 


Cf-3 


.^778 


.4595 


,0025 


Ca-2 


.6787 


.4607 


,0012 



Noftet « Lmr^l for Inclusion ia p<«05t 
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Tabla 4^ continued 



Independent 


Mathamatical Ability 


VariAbl© 










Miatipl© R 


R squared 


Inoreaie in 








R aquared 



GeQmetry Grade 



IQ 


.5820 


,3388 


.3388 


Cs-2 


.6373 


,4062 


.0674 




.6809 


.4637 


.0575 




.7328 


.5224 


.0587 


1-3 




.5291 


,0068 




.73^0 


.5387 


.0096 


Vg-3 


.737^ 


.5438 


s0051 


Cs-1 


.7^03 


.5481 


.0042 


I-l 


.7^22 


.5508 


.0028 


"Vs-2 


.7^32 


.5524 


.0015 


Cf-3 


,7^0 


.5535 


.0011 


Rs-2 


.7^9 


.5548 


.0014 



Kat©i r Lev^el tw inolufion is p< tOJi 
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Table 4^ oontinued 



Indftpendont 


mthwaatical Ability 


Variable 


Hultipl* R 


R squared 

----- 


Increase in 
H squared 


SCAT 
(N-50) 




.478? 


,2287 


,2287 




.5^2 


,3104 


,0818 


Cf-2 


.6175 


.3813 


.0708 






.4335 


,0522 


Rs-a 


,6805 


,4631 


,0296 


1-2 


.6936 


,4811 


,0180 


Cf-l 


♦7044 


.4961 


,0150 


1-3 


.7104 


.5046 


.0085 


cr-3 


.7167 


.5137 


,0090 


Rs-3 


,72W 


.5254 


,0117 


cs-i 


,7270 


.5285 


,0031 




.7292 


.5318 


,0033 


Rs-1 


.7315 


.53^ 


.0034 


Cs-2 


.7320 


.5359 


,0007 
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T^le 4^ continued 



Independent 


jfathematleal Ability 


Variable 


Multiple R 

- , . 


R squared 


Inorsase in 
R squared 


PSAT 

(N^3) 


IQ 


.7659 


,5866 


.5866 


1-2 


.8265 


.6832 


,0966 


Cf-2 




.7123 


.0292 


Vz-1 




.7256 


.0133 


Rs-2 


.8578 


.7358 


.0102 


I-l 


,86^t0 


.7W5 


,0107 


Cf-1 


.8693 


.7557 


.00^ 


1-3 


,8744 


.7646 


.0089 


Ks-3 


.8780 


.7708 


,0062 


Cf-3 


•8813 


.7766 


.0058 


Vz-3 


,8836 


,7808 


.0042 


Cs-1 


.8873 


.7873 


.0065 


Cs-2 


.8876 


.7878 


,0005 


Rs-l 


.8879 


.7884 


.0007 
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Table 4^ Gontinued 



Indsp©ndent 


Mathenmtieal Ability 




Variable 


Multlpl© R 


R aquared 


Increase in 
R squai»ed 


SAT-1 


IQ 




.5704 


.5?04 


1-2 


.8035 


.645? ; 


.0753 










Cf-1 


,K30 


.6773 


,0188 




,8290 


,6872 


,0099 


Cf-3 


.83iH 


.69^ 


,0085 


CC-2 




,7080 


.0123 


Rs-3 


.8468 


.?1?1 


.0091 




.8495 


.7216 


,0045 


Rs-2 


.8^4 


.7265 


.0050 


Rs-l 


.8541 


.7295 


.0029 


Vz-1 


.8546 


.7304 


.0010 


Cs-2 


.8553 


.731^ 


,0012 



Mate, « Level for inolusloh is p<#05i 



35 



Co^itlve Stmoture " 

24 

Tabl€ 4^ continued 



Independent 


Mathematical Ability 


Varisble 


Mul-tlple R 




Inereasa In 
R squaped 


SAT-2 


1-2 




.4318 


.4318 


IQ 


,7116 




.0745 




.7350 




,0338 




.?698 


.5926 


,0^4' 


Va-3 


.7?23 




.03^ 


Rs*l 


,8098 








.8L39 


,6624 


,0066 


Cf-1 


,8172 


.6678 


.0055 


Cs-1 


,K3? 


.678J 


,010? 


Rs-2 


,8271 


,5841 


.0055 




,8285 


,6865 


,002k 




,8296 


,6882 


.001? 


R»-3' 


.8305 


.689'8 


,0015 


Cs-2 


,8311 


,6906 


,0009 


Vg-.2 


.8315 


.6914 


,0003 
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Table S 



CORRmATIONS AND COmO!! VA'IIANCB OF KATHEMATICAL 
AmUTt VITE INT3LUGEN'CE AND COGr^ITIVS FACTORS 



Kathomatical 


Intelllgonee Alono 


Intollig 
Copiltivo 


enoe and .. 
Factops 


Ability 


r 


r squared 


R 


R squared 



Albegra grade 


,48 


231 


.68 




Geometry grade 


.58 


34^ 


.74 


55% 


SCAT 


,m 


231 


.73 




PSAT 


.77 


59i 


.89 


79.S 


SAT-1 


.75 


Pi 


.86 


73^ 


SAT-2 


.58 




.83 


m 
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